In this paper we prove random fixed point theorems in reflexive Banach spaces for nonexpansive random operators satisfying inward or LeraySchauder condition and establish a random approximation theorem.
Introduction
Lin [6] proved a random version of an approximation theorem of Fan [3] and obtained several random fixed point theorems. Recently Xu [12] and Lin [7] obtained some more random fixed point theorems for self and non-self nonexpansive or condensing random operators. For other related work we refer the reader to [1, 2, 8, 9, 10, 11, 13] . In this paper we prove random fixed point theorems in reflexive Banach spaces for nonexpansive random operators, and generalize the results obtained by Lin [6, 7] and Xu [11] . A random version of best approximation theorem of Fan [3] is also derived.
Preliminaries
Throughout this paper, (f,) denotes a measurable space with a sigma algebra of subsets of f. Let (X,d) be a metric space, 2 x be family of all subsets of X, and WK(X) be family of all nonempty weakly compact subsets of X. A mapping F:f--2 x is called measurable if for any open subset C of X, F-I(C)-{w E f: F(w) C C }} E . A mapping : a--,X is said to be a measurable selector of a measurable mapping F:ft---,2 x if is measurable and for any w ft, ((w) F(w A k-set-Lipschitz mapping T is a k-set-contraction if k < 1. A mapping T" MX is called (set-) condensing if T is continuous and for each bounded subset C of M with a(C) > 0, a(T(C)) < a(C). Clearly a kset-contraction mapping is condensing. A mapping T'M---X is called nonexpansive A mapping T: M--,X is said to be demiclosed at y X if, for any sequence {Xn} in M, the conditions xn---x M weakly and T(Xn)--*y strongly imply T(x) y. Theorem 2.1: [Xu, 12] . Let C be a nonempty closed convex subset of a separable Banach space X,T:fC---,X be a condensing random operator that is either (i) weakly inward or (ii) satisfies the Leray-Schauder condition. Suppose, for each w f, T(w, C) is bounded. Then T has a random fixed point. lmark 2.2: Theorem 2.1 remains true if C is separable instead of X being separable.
The Main Results
Theorem 3.1: Let C be a nonempty closed bounded convex separable subset of a reflexive Banach space X and let T: f2 x C---X be a weakly inward nonexpansive random operator. Suppose for each w f2, I-T(w,.) is demiclosed at zero. Then T has a random fixed point.
Proof: Take an element v C and a sequence {kn} of real numbers such that 0 < k n < 1 and kn---*O as n---oc. For each n, define a mapping fn:X C----X by fn(W, x) knv + (1 kn)T(w x). Then, f n is a weakly inward (1 kn)-set-contraction random operator. Hence by Theorem 2.1 (i) and Remark 2.2, there is a random fixed point n of fn" Since X is a reflexive Banach space, w-cl{i(w)} is weakly compact.
Let C be a weakly closed and bounded subset of X containing w-cl{i(w)}. For each n, define Fn:f2--*WK(C by Fn(w --w-cl{i(w):i >_ n}. Let F:f2--WK(C) be a mapping defined by F(w)-t;'n(w). Then, as reflexive Banach space and let T:fx C--.C be a nonexpansive random operator.
Suppose for each w Eft, I-T(w,.) is demiclosed at zero. Then T has a random fixed point. Theorem 3.3: Let C be a nonempty closed bounded convex separable subset of a reflexive Banach space X and has a nonempty interior. Let T: f x C--X be a nonexpassive random operator that satisfies the Leray-Schauder condition. Suppose for each w , I-T(w, .) is demiclosed at zero. Then T has a random fixed point.
Proof: Let z z(w) int(C) satisfy inequality (1). Take a sequence {ks} of real numbers such that 0 < k n < 1 and knO as n. For each n, define a mapping fn: n x CX by fn(w, X) knz + (1 kn)T(w x). Then fn is a random (1 kn Proof: Let P be the proximity map on C, that is, P is a continuous map from X into C such that for each y X we have
Since both P and T are nonexpansive, the random operator P o T:f x C--,C is also nonexpansive. By Theorem 3.2 there ekists a random fixed point of P o T, that is, there exists a measurable map :f--C such that P o T(w,(w))= (w), for each w f. Therefore, 
